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12. Impulse & Momentum

Linear momentum, p, of a body of mass, m, with velocity,
v, is a vector quantity defined as p = mu.

Impulse: If a constant force, F', acts over a time, ¢, on the
body then the impulse of the force is defined as Impulse =
F't. Impulse is a vector quantity. The unit of impulse is
the same as the unit of momentum.

Relationship between momentum and impulse: If a force
acts on a body over a time ¢, the impulse of the force
equals the final momentum minus the initial momentum.
For the case of a constant force,

Ft=my—mu

Principle of conservation of linear momentum: When no
resultant external force acts on a system of interacting
(colliding) particles the total momentum of the system
remains constant.

The collision of two bodies: An elastic collision is one in
which the total kinetic energy is conserved. An inelastic
collision is one in which the total kinetic energy always de-
creases. Consider the collision between two spheres mov-
ing in the same line.

before collision after
O>0O—» OO OO~
Let Uy Uy Y U,

mi, mao = the masses of the two spheres

u1, u2 = the velocities before collision

v1, v2 = the velocities after collision

ve = u1 — uz = the speed of approach

vs = v2 — v1 = the speed of separation

In a collision v, and vs are connected by the relation
Vs = €Uq, Or vz —u1=e(ur— u2)

where 0 < e <1 and is called the coefficient of restitu-

tion.

In an elastic collision, e = 1. For an elastic collision

miv1 + MoV = Mmiul + Mmauz

§m1vf + %mzvg = %mw? + %mﬂig

In the case of spheres having the same mass (m1 = ma2)

uz = vi1, U1 = V2
which means the spheres exchange velocities.

In a ‘perfectly inelastic’ collision, where the bodies coa-
lesce, e = 0. Then vy = va; there is no rebound, as shown.

before collision after

Oron o o=

www.mathcentre.ac.uk
© mathcentre 2009

43799 D&PS Jan11

Aouenbeig remsuy

s pex puodes 1od suerpel /4&310010A TRMBUYy

T—

SN PU029s U0)MOU osndury
SN PUOO9S UO)MaU WNIUSWOTA
r anofl A3roury

puoodes 1od
g_Su puooas 1od axjow UOI)RID[2IDY
_sw puooss 1od axjew K9100[0A
(;_SrT=M1) M 1rem Tomoq
(UNT=rT1) [ ool MI0M
(q—swWST=NTI)N u0jMmou 90104
s puooas awLy,
w EREEY0S y3uery
3y wre1Sorry SSeIN
[oqu4sg Jun Kyuend

:spun SuIMo[o) oYj sosn wolshs IS oy [,

spHun ‘¢
eSS W 0T X €L9°9 =D
ST onpeA pajdeode s1] “JURISUOD [RUOIIRIIARIS 91} PO[[RD SI
£) "WYY} U0M)d( 9OURISIP 9U) SI .4 ‘SISSeUl 1Y) IR UL
pue hw ‘Apoq Iot}e Uo 9310; [euoIIR)IARIS ST} JO OpnNIIu
-Sewr oy st by e 6,7 snyJ, ‘woy) usomj
-9 9oue)sIp 9y} Jo amnbs eqq 09 Teuorjrodoid AfesioAul
pue sossewr oy} jo jonpord oy} 09 euorprodord A[3001rp
ST UOTYM 92I0] & M APO( I9YJ0 AIOAD $)oRIJ)e OSIDATUN
9} Ul Apoq AIOAT] :UOEHARIY |ESIDAIUN JO MET S,UOIMAN
¥V Apoq uo ‘;J— ‘9010f e s110x%e ¢ ‘¢
¥ p Apoq uo ‘,J epnjrudent Jo ,J ‘9010] © S1I0X0
4 v V APO( IOAQUSUA\ "10RISIUL SOIPOQ UM
OZ( sared Ul oWOD S9OI0J SN, "UOT}oRI 9)1s0d

-do pue [enbo ue st o101} uOIOR AIOAD O],
:uonouw Jo me| piiy} s,uoimeN

‘(?p‘fip ‘Tp) = D pue

(B g f2q) = o a10um Fpw = %7 fiow = A ‘Tow = T
:suoryenbo Ie(eds o1} 09 JuL[eAINDba ST uorjyenbo 10300 SIY T,
UL = aw = 4 $owW029q SIY) ‘s SSRUl JUBISUOD JO

4 —

)—z =d "

uo gurjore 7 ‘eo10j pordde jueymsor oyy 09 [euorjrodord
A[90011p ST ApOqQ o1} JO WNJUSWOW JO 9FURYD JO 9)Rl dY)
U9} ‘AW WINJUSTWIOW SRY 0S puR ‘2 AJ100[0A YIM JUTAOWT
ST wl ssewr Jo Apoq © J] :UOIOW JO MB| PpUOJSS S,UOIMIN

pue D uorjeIs[edde Ypm Apoq e 104 ‘(aw

"AToAryoadsoel ‘s9010f o1} Jo sjueuoduiod Ieeds

z pue fi ‘x 9} Jo SWNS JoU O} dIe Y pue 7 ‘T3 oroyMm
0="4 ‘0="g ‘0="4 0=1

snyJ, ‘019z

ST ‘91 uo Surjoe sed10J oY) (e Jo ‘(ZY iy ‘Ty) = F ‘eo10]

JueIMSo o) WNLIqIMbe ut st Apoq e uaym Jer]) SIY) WoJj

SMO[[O] 9] ") U0 3urjoe s9d10j Aq a8uerd op poaypduiod

sso[un oul] JYSreI)s ® Ul UOTJOW ULIOJIUN S SNUIIUOD IO

S0l e urewad [[IM Apoq Y :uOljoW JO ME] }SJlj S, UOIMaN

uoljelineIx) pue
UOIJO|\ JO SMET S,UOIMON "2

13. Rigid bodies

Consider an axis perpendicu-
lar to the plane of the paper
and passing through O. The
rigid body is acted upon by
the forces F; and F,, lying
in the plane. F',, F, produce
anti-clockwise/clockwise rota-
tion about the axis, respec-
tively. By convention, anti-
clockwise rotation is taken as
positive. The moments of F;

Line of
Action of E

and F', about the axis through L
O are defined by
' =+4+F 1 Feo=—-Flo

where [1 and [z are the perpendicular distances of the lines

of action of F; and F, from O. The line of action of a force

is a line with the same orientation as the force and which

passes through its point of action.

For rigid bodies there are two necessary conditions for

equilibrium:

First condition: When a body is in equilibrium the re-

sultant force, R = (R, Ry, R.), of all the forces acting on

it, is zero. (This condition also applies to particles.) Thus
R=0 R, =0 R, =0 R, =0

where R;, R, and R, are the net sums of the z, y and 2

scalar components of the forces, respectively.

Second condition: When a body is in equilibrium the

sum of the moments, about any arbitrary axis, is zero:

XI'=0

Centre of mass: This is the point in a body such that an

external force produces an acceleration just as though the

whole mass were concentrated there. Let (Z,7,Z) be the

coordinates of the centre of mass of a system of particles,

each of mass mi, ma, ..., and centres of mass located at

(z1,y1,21), (x2,y2,22),.... Then
7= Zmixi _ Emizi
from which

Emi = Emi

Zm,-yi

Emz(wz — f) = Emi(yi - ]7) = Eml(zl - E) =0
Then the sum of moments about an axis through the cen-
tre of mass is zero. Symmetry can be useful in finding
the centre of mass. The centre of mass of a homogeneous
sphere, circular disk or rectangular plate is at its centre.
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5. Forces (2)

Friction: The force which prevents, or tries to prevent, the
slipping or sliding of two surfaces in contact is called fric-
tion. When the surface of one body slides over another,
each body exerts a frictional force on the other, parallel to
the surfaces. The frictional force on each body is opposite
to the direction of its motion. Frictional forces may also
act when there is no relative motion, as shown.
(a) (b) P N

No
Motion

A cord is attached to a block of weight W = mg and
the tension, T, in the cord is such that the block remains
at rest (diagram (a)). Diagram (b) is the corresponding
separated body diagram. P is the force exerted on the
block by the surface. NN and F', are the components of
P, normal to and parallel to the surface. F is called the
force of static friction. From Newton’s 2nd law,

N=-W and F,=-T
with corresponding scalar forms
N=W and F,=T

As T is increased, a limiting value is reached after which
the block starts to move. Thus there is a certain max-
imum value which F, can have. The magnitude of this
maximum value depends on the normal force N and a
useful empirical law is

Fi(max) = usN

where p is called the coefficient of static friction. The
magnitude of the actual force of static friction can take
any value between 0 and Fs(max). Thus

F, <usN
As soon as sliding begins, the friction force decreases. This

new friction force, I, , also depends on the normal force.
The empirical law used is

Fk = /_l,kN

where py, is the coefficient of sliding (or kinetic) friction.
The values of ps and pr depend on the nature of the two
surfaces which are in contact.
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6. Kinematics: Rectilinear Motion

A particle is a body which can be modelled as a point
mass in a given context. For example, for the motion of
the planets about the Sun, then the Sun, Earth, etc., can
be regarded as particles.

Kinematics is the study of the motions of particles and
rigid bodies without any consideration of the forces re-
quired to produce these motions. Rectilinear motion is
concerned with the motion of a single particle along a
straight line.

Constant acceleration: The equations of motion are

v = u-+at

1 1 5
s = §(u+v)t or s=ut+§at
v = u®+2as

where a is the (constant) acceleration, ¢ represents time,
v is the velocity at time t, u is the velocity at t = 0, s

is the displacement at time ¢, and s = 0 at ¢ = 0. These

d d
equations are obtained from W _gand & = .
dt dt

The curve shown here
is the displacement-time
graph for motion with §------4 /
constant acceleration. The
slope of the tangent at time
t equals the velocity at
time t. t

“Slope = u

The diagram here shows

a velocity-time graph v
for rectilinear motion with ~
constant acceleration. The (;
area under a velocity-time u
graph equals the displace-

ment. The gradient of the

line represents the acceler- —t—
ation.

Non-constant acceleration: Here the acceleration, a, is
a function of time, t. As for constant acceleration, the

IS

¥
f
u
'

4

d
equations of motion are found by integrating d_: = a(t)

and — = v.

dt
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7. Motion in a Plane: Projectiles

Any object that is given an initial velocity and which sub-
sequently follows a path determined by the gravitational
force acting on it and by the frictional resistance of the
atmosphere is called a projectile.

Consider a body projected erom the origin (0, 0) with ini-
tial velocity u = (usz,uy) at an angle of departure 6.
At any later time ¢, let (x,y) be its coordinates, and
v = (vg,vy) its velocity. € is the angle v makes with
the horizontal, measured in an anti-clockwise sense. If
we neglect air resistance, the motion of the projectile can
be described as a combination of horizontal motion with
constant velocity and vertical motion with constant accel-
eration. This follows from Newton’s Second Law which,
in component form, gives
dv,

o =0 and S0 vy = Uz = ucosby
ddity = —g and so vy = uy — gt = usinfy — gt
The speed v and angle 0 are then given by

v = 4/v2 + v2 tanf = —¥
The coordinates of the projectile are ‘

x = ugzt = (ucosby)t
1 1
y = uyt — ith = (usinfy)t — §gt2
The two preceding equations give the equation of the tra-

jectory in terms of the parameter t. By eliminating ¢, the
equation in terms of x and y is
g 2

-

2u? cos? 0y
This last equation can be recognised as the equation of a
parabola. At the highest point, the vertical velocity, vy,
is zero, and hence the time to reach the highest point is
u sin 0 u?sin? 0
——7 The highest point is given by ymax = 270

g g
The horizontal range, R, is the horizontal distance from
the starting point to the point at which the projectile
returns to its original elevation, and at which therefore

2 .
y =0. HenceR:M

y = (tanfp)x

. The maximum range occurs

2
when sin 20y = 1, i.e. when 6y = g and then Ryax = L



