dy _ preo,
y = f() a = ')
k. constant 0
a™, any constant n na" !
et et
v — oo - 1
Inz = log, = .
SiIl I Cos
COs T — Sill T
__ sinx IR S,
tan :r - COsST bec 3
cosecT = —— —cosec & cot x
s1nr
secar = — l___ secrtana
COos T
cotar = —(I(}S(E(Izﬂf
—1 1
sin l.r @
cos™ l.r =
tan " x TiaZ
cosh x sinh x
sinh x cosh x
tanh x sech?z
sech x —sech x tanh =
cosech x —cosech x coth
coth —cosech?z
3.1 1
cosh ] x VT
sinh 1'1, —=
tanh™ #

The linearity rule for differentiation

ci_l:r(a'“ +bv) = a.% - b% a, b constant

The product and quotient rules for differentiation

i(uv} = ud—JL - v%
dr T da dax dx

The chain rule for differentiation

If y = y(u) where u = u(z) then 9% = 2% . du

daz 7 du  d=x

For example,
if y = (cosx)™ !, 3’5 = —1(cosx)*(—sinx)

43799 D&PS Jan11

Integration

flz) [ flz)de = F(z)+¢
k, constant ke + ¢
1
", (n# —1) S te
1 Inz+ec¢ x>0
rTh =
® In(—z)+e¢ x<0
e’ e’ + ¢
oS T sine + ¢
sin —cosx + e
tan z In(secx) + ¢ —F<x<}
see @ In(secw + tanz) + ¢ 5 <a <3
cosec T In(cosecz—cotz) + ¢ D<z<mw
cot & In(sinz) + ¢ O<a<m
coshx sinha + ¢
sinh cosha + ¢
tanh Incosha + ¢
cothx Insinhx + ¢ x>0
—‘Tz_:_az Ltan=12 4 ¢ a>0
1 1 — )
2—a2 El j’-‘r:; +e |?| >a = []
1 A g ad .
aZ—rZ 2a In !i :— tc I.I,'l <a
1 I =
W sinh™ : o +c a >0
B cosh™ & +¢ rza>0
ﬁ In(z + Va2 + k) +c
1 I X
To— sin” £ +¢ —a<r<a
flax +b) LF(az +b) +c a#0

e.g. cos(2x — 3) % sin(2z — 3) + ¢

The linearity rule for integration

/ (af(x) + bg(x))de = aff(a.) d:r—f—bfg(:r:)d.r, (a, b constant)

Integration by substitution

du

/f(n djd.: = / flu)du and / flu) —(li =

Integration by parts

b b
LR ...b_/ du .
/ U daw = [uv], P dax

a a

Alternative form:

I! f(a)g(z)da = [f(z) [ g(z

rx da
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ula)

d'T] — b‘—i{j g(x)dz} dx

wll)
/ flu)du
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Complex Numbers

Cartesian form: z = a + bj

where 7 = +/—1

Polar form:
z=r(cosf+jsinf) =rs0
a = rcosfl, b = rsinf,
tan@ = 2

Exponential form: z = re’’

Euler’s relations
el = cosf + 7sinfl, € 3 — cosf — jsinf
Multiplication and division in polar form

sz =riral(01 +602), 2 =TLs(6,—6,)

Za T2
If z=rz0, then 2" = r"/(nd)
De Moivre’s theorem

(cosB + jsin®)" = cosnf + jsinnf

Relationship between hyperbolic and trig functions
cos jr = coshz, sinjzr = jsinhx
cosh jo = cosz, sinhjr = jsinx

i rather than j may be used to denote v/—1.

Vectors
If r = xi + yj + 2k then |r| = 22 + 2 + 22

Scalar product
b

-,

If a = aii+ azj + ask and b = byi + b2j + bsk then
a-b=ab +asbs +azb;

a-b=|a||b|cos@

Vector product A
€ b
ax b =|a| |b|sinfé

a

@ is a unit vector perpendicular to the plane containing a
and b in a sense defined by the right hand screw rule.

If a=aii+ a2j+ ask and b = b1i+ baj + bsk then

axb = (azbz —aszb2)i+ (azby —a1b3)j+ (a1b2 — azb1)k
ok
= I(u az (L;),I
b1 bo bs|

Sequences and Series

Arithmetic progression: a,a + d.a + 2d,...
a = first term, d = common difference,

kth term = a + (k — 1)d

Sum of n terms, S, = §(2a + (n —1)d)
Sum of the first n integers,

1+243+...+n=

Z k= 11"1(1'1 +1)
2
k=1

Sum of the squares of the first  integers,
P4+224+3 4. +n° =

Z k= %n(n + 1)(2n+1)
k=1

Geometric progression: a,ar,ar?,...
a = first term, » = common ratio,
kth term = ar*~!

all—

Sum of n terms, S, = %r] provided r # 1

Sum of an infinite geometric series:
S =75, —l<r<1

The binomial theorem
If n is a positive integer

nn—1) o nn—1)(n-2)
o Ot 3!

:IT:‘—I—,.,—i-:I,'

(142)" = 1+nz+

When n is negative or fractional, the series is infinite and
converges when —1 <z < 1
Standard power series expansions

- x 2 2
3 5
R AN A Cala
sinr =x 31-}-5! 7!+..‘f01alla,
2 4 6
(:()sx::l—%—i—%—%—!—...forall:::
R
l()gc(l—i-:::]::::—?—i—?—?—k... for —1 << 1only

The exponential function as the limit of a sequence

lim (1 -+ %)“ =e"

n—00
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Matrices and Determinants

I

The 2 x 2 matrix A = ( . b) has determinant

d

| |
a
|A| = | | =ad — be
| € |
aplp a1z a13
The 3 x3 matrix A = | az1 a2e a3 ; has determinant
\ a3y agze 33 }

| @22 azs I I az1 23 I az1 a2z I
| — 12 13
| @3z A3z | | @31 33 | | a3l asz2 |
(expanded along the first row).
The inverse of a 2 x 2 matrix
o [} b -1 _ 1 d —b
IfA= (c d) then A7 = —— ( e a
provided that ad — be # 0.
Matrix multiplication: for 2 x 2 matrices

(a b) (o- 7)_((10--1—{),-3 a')r—f—b(?)
c d B 6/ Nea+d3 cy+dd

Remember that AB # BA except in special cases.

The Binomial Coefficients

The coefficient of ¥ in the binomial expansion of (1 + )"
when n is a positive integer is denoted by (;:) or "Cl.

(1) - me - (,2)
k)~ kKl(n—k)  \n-k

0'=1, n!=n(n-1)!

so, for example, 4! = 1.2.3.4

The pattern of the coefficients is seen in
Pascal’s triangle:

1 1
1 2 1
1 3 3 1
1 4 6 A 1
1 5 10 10 5 1

"' is the number of subsets with k elements that can be
chosen from a set with n elements.



Graphs of common functions

Linear y = mx + ¢, m=gradient, ¢ = vertical intercept

m = L=

T2—I

The equation of a circle centre (a,b), radius r

T \ )

(

7

(a,b)

-
3 -
\/ T

(x—a)®+ (y—b)? =r?

Quadratic functions y = ax? + bz + ¢

(l) m _

(2) z
(3)
(1)
(2)
W T (3)
a>0 a<0
(1) b —4dac<0 (1) v*—4dac>0
(2) v’ —4dac=0 (2) b —4dac=0

(3) b —4dac>0 (3) b —4ac<0

Completing the square

b ) 2 N dae — b?

If a # 0, a.:r2+b.1:+c=a(:r+—
2a da

The unit step function, u(x)

u{'r)—{l if 2>0
=10 it 2<0

The modulus function

|T|_{:IY if >0
T l—z if z<0

y=lzl u(x) A

Trigonometric functions

sinx tan x

1/\ A

\/ 0 n\/zrt T
1

The sine and cosine functions are periodic with period 2.
The tangent function is periodic with period .

Inverse trigonometric functions

u
w2

1 1 s
- — — —| -n2 -
1 x
s =1 =1
y=sin"'z y=cos 'z
y
w2
xr
s --sk-----
y=tan 'z

8y

The sine rule and cosine rule
A

The sine rule

a _ b _ e b
sin A sin B sinC' .
The cosine rule o
a? =b>+¢c? — 2becos A 2
B
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Exponential functions

€T -
y=c y=c

_/ ™~

-1 1 -1 1

a

sy

Graph of y = e showing

Graph of y = e* showing
exponential decay

exponential growth

Graphs of y = 0.5, y = 3", and y = 27

Logarithmic functions

yA

T y=log =
Y 20

Graphs of y = Inax and y = log,, =

Hyperbolic functions
¥, Ya
y=-cosh a 7 . y=tanh x
y=sinh x :
5] o 0
-1

Graphs of y = sinhx, y = coshz and y = tanhz



Algebra Trigonometry Hyperbolic functions

Degrees and radians

. v Y — 2 _ .2 . - 7 &€y - @€ -
. ) (@ +k)(x—k)=2"—k 360" = 27 radians, 1" = T’:} - % radians coshz = —+2 sinhg = ——°%
(@ +k)* =2® + 2kz + k*, (z—k)° =2” — 2ka + K w0 2 2
a® + k= (x £ k)(2® T kz + k) 1 radian = — degrees ~ 57.3 tanhy g Smhz " —e”
i i . coshe e"4e *
Formula for solving a quadratic equation: Trig ratios for an acute angle ¢: 1 2
sechr = = -
—b £+ Vb? — dae . . coshz e +e "
if az® + bx + ¢ =0 then z = % o side opposite to @ b ® 1 2
2 sl = —= - £ S T _
L  Indi “ hypotenuse ¢ g cosechz = sinhz eof —e-¢
aws of Indices a - : .
m . iy ) o . . T —x
G’.ma” - am.+n HT - am.—n (aiu)n — ann: cosf — side Eld_]dCClll- to 9 _ f_f. COth;I? _— C'_:)bh:l’ — 1 = (’-.I te -
a hypotenuse c , sinhz  tanha e* —e™ =
0 1 1/ m N adjacent
. —m __ no_ n . —n m side site t
e'=1 a"=-—0 el'= Va  am =(Va) tanf = w — Y pythagoras’ theorem Hyperbolic identities
side adjacent to 0 a 2 . 13 5 * — cosh a4 sinh = ol inh
Laws of Logarithms a” + b =¢” e _2(.05-. T + ;m x, e " =coshxr —sinhx
For any positive base b (with b # 1) Standard triangles: cosh” z _,zsmh 7 1
o . 1 — tanh“2z = sech”x
log,A=¢ means A=0b ‘ coth?c — 1 = cosech’z
- . \ . A 2 60° 11 sinh(z + y) = sinha coshy + cosh z sinh y
log, A+ log, B = log, AB, log, A — log, B = log, 5. ! . cosh(z + y) = cosha coshy £ sinhz sinh y
N ~\30 .' || sinh 2z = 2sinh x cosh x
n log, A = log, A", log, 1 =0, log, b =1 V3 cosh 2z = cosh? & + sinh® =
X o logyw cosh? z = %
Formula for change of base: log, & = jo;, §inds® = =,  cosd5° = =,  tands® =1 L2 cosh2ro1
Logarithms to base e, denoted log, or alternatively In are V2 2 sinh” z = 2
called natural logarithms. The letter e stands for the ex- 1 V3 1 Inverse hyperbolic functions
i ich i i sin30° = = cos30° = == tan 307 = ~1 5
ponential constant which is approximately 2.718. - 97 U5 9 lbe V3 cosh " w=In(z++vVa2—-1) forz=1
Partial fractions V3 1 ‘ sinh ™!z = In(z + Va? +1)
For proper fractions SE:) where P and @ are polynomials sin 607 = ? cos 60° = 3 tan 60° = V3 tanh™ 'z = 1 1n ( ff’:) for -1 <a<1

with the degree of P less than the degree of ():

a linear factor ax+0b in the denominator produces a partial Common trigonometric identities

fraction of the form —A— sin(A £+ B) = sin Acos B + cos Asin B The GreEK alphabet

B o ax4b . .
repeated linear factors (ax + b)? in the denominator pro- cos(A £ B) = cos Acos B ¥ sin Asin B A« alpha I ¢ iota P p rho
duce partial fractions of the form —2— + W—"_"b)g tan(A + B) = % B 3 beta Kk kappa Y o sigma
a quadratic factor az®4bx+¢ in the denominator produces 2sin A cos B = sin(A + B) +sin(4 — B) £ g- gamma A A lambda ? T tau
a partial fracti o Axt / Ita M p mu v upsilon
a partial fraction of the form —5*+2_ o y delta / p
i 4l-§ift+ L term b s 2cos Acos B = cos(A — B) + cos(A + B) E ¢ epsilon N v nu ® ¢ phi
mproper fractions require an additional term which is a 2sin Asin B = cos(A — B) — cos(A + B) Z ¢ zeta = ¢ xi X x chi
polynomial of degree n — d where n is the degree of the N . . .

) . ) - ] sin? A +cos? A =1 H 7 eta O o omicron ¥ b psi
numerator and d is the degree of the denominator. © 6 theta 0 x i 0 omeaa
Inequalities: 1+ cot’A = cosec® A, tan® A+ 1 = sec” A S T = 2k

a > b means a is greater than b cos2A = cos® A —sin? A =2cos?A—1=1-2sin” A

a < b means a is less than b . o
sin24 = 2sin Acos A Written by Tony Croft and Geoff Simpson

@ > b means a is greater than or equal to b sin? A = % cos® A = w for the Mathematics Learning Support Centre
a < b means a is less than or equal to b at Loughborough University
sin? A is the notation used for (sin A)2. Similarly cos® A Typesetting and artwork by the authors
means (cos A)? etc. This notation is used with trigono- © 1997

metric and hyperbolic functions but with positive integer
powers only.
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