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A special rule, the chain rule, exists for differentiating a function of another function. This unit

illustrates this rule.

In order to master the techniques explained here it is vital that you undertake plenty of practice

exercises so that they become second nature.

After reading this text, and/or viewing the video tutorial on this

e explain what is meant by a function of a function
e state the chain rule

e differentiate a function of a function
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1. Introduction

In this unit we learn how to differentiate a ‘function of a function’. We first explain what is
meant by this term and then learn about the Chain Rule which is the technique used to perform
the differentiation.

2. A function of a function

Consider the expression cos z2. Immediately we note that this is different from the straightforward
cosine function, cosz. We are finding the cosine of 22, not simply the cosine of z. We call such
an expression a ‘function of a function’.

Suppose, in general, that we have two functions, f(x) and g(z). Then

y = flg(x))

is a function of a function. In our case, the function f is the cosine function and the function g
is the square function. We could identify them more mathematically by saying that

f(z) = cosx g(z) = 2?

so that

fg(x)) = f(2*) = cosa?
Now let's have a look at another example. Suppose this time that f is the square function and
g is the cosine function. That s,

flx)==z g(z) = cosz

then
flg(x)) = f(cosz) = (cos )’
We often write (cosx)? as cos?z. So cos?z is also a function of a function.

In the following section we learn how to differentiate such a function.

3. The chain rule

: : : : : _.d
In order to differentiate a function of a function, y = f(g(x)), that is to find d_y we need to do
x
two things:

1. Substitute u = g(z). This gives us

y = f(u)
Next we need to use a formula that is known as the Chain Rule.
2.  Chain Rule
dy _dy  du
dz  du = dz
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q Key Point
Chain rule:

To differentiate y = f(g(x)), let u = g(x). Then y = f(u) and

dy _dy du
dr  du = dz
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Let v = 22 so that y = cosu.

It follows immediately that

du 5 dy i
— =2z — = —sinu
dx du
The chain rule says
dy dy " du
de  du = dz
and so
d
% = —sinu X 2x
= —2rsina?
Example
Suppose we want to differentiate y = cos? z = (cos z)?.
Let v = cosx so that y = u?
It follows that
du ) dy 5
— = —sinx — =2u
dx du
Then
dy  dy " du

dx du = dz

= 2uX —sinzx

= —2coszsinz
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Now it might be tempting to say ‘surely we could just multiply out the brackets'. To multiply
out the brackets would take a long time and there are lots of opportunities for making mistakes.
So let us treat this as a function of a function.

Let u = 22 — 5 so that y = u'%. It follows that

du dy 9

Then
dy dy du

dx @Xa

4. Some examples involving trigonometric functions

In this section we consider a trigonometric example and develop it further to a more general
case.

Example

Suppose we wish to differentiate y = sin 5.

Let u = 5z so that y = sinwu. Differentiating

du dy
=5 — = cosu

dz du

From the chain rule
dy @ y du

dx du ~ dx

= cosu X b

= 5cosdx

Notice how the 5 has appeared at the front, - and it does so because the derivative of 5x was 5.
So the question is, could we do this with any number that appeared in front of the z, be it 5 or
6 or 5, 0.5 or for that matter n ?
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So let's have a look at another example.
Example
Suppose we want to differentiate y = sinnz.

Let © = nx so that y = sinu. Differentiating

du dy
— = — = oS
dx " du “
Quoting the formula again:
dy dy " du
de  du~ dz
So
d
% = CcoSUXn
= ncosnw

So the n's have behaved in exactly the same way that the 5's behaved in the previous example.

d _ .
For example, suppose y = sin 6 then d—y = 6 cos 6 just by using the standard result.
x

Similar results follow by differentiating the cosine function:

q Key Point
d

if y = cosnz then b A sin nx

dx

: 1 d 1 1
So, for example, if y = cos ix then é =3 sin éx.
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5. A simple technique for differentiating directly

In this section we develop, through examples, a further result.
Example
Suppose we want to differentiate y = e’

Let v = 23 so that y = e*. Differentiating

du 2 dy U
a =3z @ =€
Quoting the formula again:
dy dy " du
de  du " dz
So
d
é = e" x 327
2 5173

= 3z%

We will now explore how this relates to a general case, that of differentiating y = f(g(z)).
To differentiate y = f(g(x)), we let u = g(x) so that y = f(u).

The chain rule states

dy dy " du
de  du = dx
In what follows it will be convenient to reverse the order of the terms on the right:
dy du " dy
de  dz "~ du
which, in terms of f and g we can write as

W_ (@) x L (fg((@))

This gives us a simple technique which, with some practice, enables us to apply the chain rule
directly

q Key Point

(i) given y = f(g(x)), identify the functions f(u) and g(x) where u = g(z).
(ii) differentiate g and multiply by the derivative of f

where it is understood that the argument of f is u = g(z).
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Example
To differentiate y = tan 2% we apply these two stages:

(i) first identify f(u) and g(x): f(u) =tanu and g(z) = 2%

d
i) differentiate g(x): &9 _ 2x. Multiply by the derivative of f(u), which is sec?u to give
d
x

d
Y _ 21 sec? x?

dz

Example
To differentiate y = e’
(i) first identify f(u) and g(x): f(u) =e* and g(z) =1+ 2.

(i) differentiate g(x): j_i = 2z. Multiply by the derivative of f(u), which is " to give

2
—Z = 2pelt”

dz

You should be able to verify the remaining examples purely by inspection. Try it!

Example
y = sin(z +e")
dy
— = (14+¢&*)cos(x+€”
L= (4 eos(a + )
Example
y = tan(z? +sinx)
dy 2,2 :
— = (22 + cosz).sec*(x” + sinx)
dz
Example
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Example

y = In(z +sinx)

dy 1

7 — (1 -

dx (1+ cos ) T+ sinz
B 1+cosx
 z4sinz

Exercises. (Answers appear at the end of the booklet)

1. Find the derivative of each of the following:
a) (Bz—7)"? b) sin(br+2) c) In(2x—1) d) >3

1
e) Vbr—3 f) (6z+5)% g) G h) cos(1 — 4x)
2. Find the derivative of each of the following:
a) In(sinz) b) sin(lnz) c¢) e %% d) cos(e™®)
1 1
i 5f) Vita? hy ———
e) (sinz+ cosz) ) + 22 g) - ) P P

3. Find the derivative of each of the following:

a) In(sin®z) b) sin’(lnz) c) +/cos(Bz—1) d) 1+ cos (22 — 1)]*?

Lots of miscellaneous additional exercises to enable you
to practice the chain rule are available on-line courtesy

Wt 1o Ty of Dr Chris Sangwin and the STACK system:
/'568//54)780[’(5

:na/ine exercises e e randomly generated questions

for lots more g

e automatic marking

Click the STHACK [ogo--- e feedback and full solutions available.
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or go directly to
http://stack.bham.ac.uk/worksheets/worksheets.php?gkey=CR-Diff-06-chain-
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Answers
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36(3x — 7)™ b) bHcos(br+2) «c) S— d) —3e?73
l’ —_—
5 f) 10(6z +5)3 g) A h) 4sin(1 — 4z)
o5z — 3 (3 —2)
c?sx = cot x b) cos(Inz) C) sinze” ©s*
sin x x -
e “sin (e e) 3(cosz —sinz)(sinz + cosx)? f
() ) 3 X P
sine tanzsecx h) —2w+l) 2
cos?x (2420 + 14 (z+1)3
2 (?os T o eots b) 2sin(Iln z) cos(In x)
sin x
—3si -1
3sin(3z — 1) d) —3awsin (22 — 1) [1 + cos (22 — 1)]'/?
2y/cos(3z — 1)



